Abstract. Let C be a smooth irreducible projective curve and let (L, H 0 (C, L)) be a complete and generated linear series on C. Denote by ML the kernel of the evaluation map
Introduction
Let C be a smooth irreducible projective curve of genus g over an algebraically closed field k of characteristic zero, and let K C be the canonical bundle on C. A generated linear series of type (d, r + 1) over C is a pair (L, V ), where L is a generated line bundle of degree d on C and V ⊆ H 0 (C, L) is a linear subspace of dimension r + 1 that generates L. The kernel M V,L of the evaluation map V ⊗ O C → L fits into the following exact sequence
The bundle M V,L is called Lazarsfeld-Mukai bundle. When V = H 0 (C, L), we will denote the bundle M H 0 (L),L by M L . The vector bundle M V,L and its dual M ∨ V,L have been studied from different points of view because of the rich geometry they encode. The study of the stability of M V,L is related with: the study of Brill-Noether varieties (see [4] ), the Resolution Minimal Conjecture (see [6] ), the stability of the tangent bundle of a projective space restricted to a curve; and the theta divisors of vector bundles on curves (see [7] , [8] ). Ein and Lazarsfeld used the stability of M V,L to prove the stability of the Picard bundle (see [5] ). In ( [10] ), Paranjape and Ramanan proved that M K C is semistable, and David C. Butler showed that M L is stable for d > 2g, and it is semistable for d = 2g (see [2] and [10] ).
David Mumford introduced the concept of linear stability for projective varieties X ⊂ P n (see [9] ). In some sense, this definition is a way to measure how X sits in P n . It was generalized for linear series (L, V ) over a curve C (see [8] ). Linear stability of a generated linear series (L, V ) is a weaker condition than the stability for the vector bundle M V,L , that is, the stability of M V,L implies the linear stability of the pair (L, V ). In this direction, E. C. Mistretta showed that the linear stability of (L, V ) is equivalent to the stability of M V,L when d ≥ 2g + 2c and V ⊆ H 0 (L) is a subspace of codimension c ≤ g (see [7] , Lemma 2.2). Using this equivalence he showed that for a general subspace V ⊆ H 0 (L) of codimension c ≤ g, M V,L is semistable (see [7] , Theorems 2.7 and 2.8).
E. C. Mistretta and L. Stoppino gave conditions for the equivalence between the stability of M V,L and linear stability of a linear series (L, V ) of type (d, r + 1), when d ≤ 2r + Cliff(C) (see [8] , Theorem 1.1). With this equivalence they proved the stability of M L when L computes the Clifford index or d ≥ 2g − Cliff(C). The importance in giving this equivalence is because it is easier to prove the linear stability for a pair (L, V ) instead of the stability of M V,L .
In this paper we are interested in two goals. The first one, is to study the multiplication map of global sections for certain vector bundles appearing in a natural way when we dualize a diagram (see diagram 1.2 below) induced by the choice of (L, V ). The second one, is to give a positive answer to a conjecture of C. Mistretta and L. Stoppino for the case of γ-gonal curves (see [8] Conjecture 8.7). In this direction, our goal is to give conditions under which the stability of M L is equivalent to the linear stability of (L, H 0 (L)) (see Corollary 4.3). Moreover, we give a criterium where this equivalence is satisfied on γ-gonal curves(see Theorem 5.1, section 5). To explain in our context this multiplication map and our results we recall the following:
Let L be a generated line bundle L over a curve C and let V ⊆ H 0 (C, L) be a subspace of sections that generates L, consider the kernel of the evaluation map
We recall that given a subbundle S ⊆ M V,L , there exists a subspace W ∨ ⊆ H 0 (C, S ∨ ) and a bundle F S that fit into the following diagram:
When we dualize the first exact row in the diagram (1.2) and we twist by K C , we take cohomology to obtain the following multiplication map of sections
The rank of multiplication map of sections for vector bundles on curves has interesting geometric meanings and appears in many contexts in algebraic geometry. In this direction we consider the complete case V = H 0 (C, L) and the corresponding Butler's diagram of L by S. We have the following results.
(1) The multiplication map
is surjective if and only if H 0 (Q) = 0.
In the above theorem, the proof of condition (3) is valid also for a non-complete linear series (L, V ).
When C is a general curve in the sense of Brill-Noether, we apply the surjectivity of m W to give a different proof for the semistability of M L (see [1] , [11] ). Moreover, with the surjectivity of m W we obtain conditions to determinate the stability of M L , these conditions are summarized in Lemma 4.1, Section 4 (see also [1] , Lemma 3.2). With these conditions we fill up a gap in the proof of ( [3] , Theorem 2.2). We think that the surjectivity of m W in Theorem 1.1 is a different approach in the study of the (semi)stability of M L . This is the spirit of the following result (see Theorem 4.2, Section 4): Theorem 1.2. Let C be a general curve of genus g ≥ 2, and let L ∈ Pic d (C) be a globally generated line bundle on C of degree d. Consider S ⊂ M L a stable subbundle with µ(S) = µ(M L ), then there exists a line bundle F = F S that fits into the following commutative diagram
When the curve C is Brill-Noether general, Theorem 1.2 provides a natural and intrinsic characterization of Butler's diagrams of L by S with S of maximal slope. Moreover, the advantage of the rank of F S being one lies in the fact that linear stability is equivalent to stability of M L . It is worth pointing out that Theorem 1.2 gives precise conditions for the stability of M L . These conditions were stated in ( [3] , Theorem 2.2) and we add them in the following corollary (see Corollary 4.3, Section 4). Corollary 1.3. Let L be a globally generated line bundle over a general curve C of genus g.
(2) M L fails to be stable if and only if all the following three conditions hold
To prove Corollary 1.3 we apply Theorems 1.1 and 1.2. The proof of Corollary 1.3 shows the importance of the surjectivity of the multiplication map m W to obtain the above condition (c). Also, this condition is not included in ( [1] , Proposition 3.5)
Finally we give the following criterium on γ-gonal curves to state the equivalence between linearly stable and stability of M L (see Theorem 5.1):
be a globally generated line bundle over a curve C of gonality γ and suppose that h 0 (C, L) = r + 1. Consider a line bundle B on C such that |B| = g 1 γ , and suppose that d > γ · r. Then, if the multiplication map
is not injective, then L is not linearly semistable.
This article is organized as follows. In Section 2, we review some standard facts on the Butler's diagram and the linear stability for a linear series (L, V ). In Section 3 we study properties of the Butler's diagram to prove Theorem 1.1. We consider the case when C is a Brill-Noether general curve and we prove Theorem 1.2 (see Theorem 4.2, section 4) and Corollary 1.3 (see Corollary 4.3, section 4). Finally in Section 5 we give a criterium between the equivalence of linear stability of (L, H 0 (L)) and the stability of M L on γ-gonal curves (see Theorem 5.1).
preliminaries and notation
Let C be a smooth projective and irreducible curve of genus g ≥ 2 defined over an algebraically closed field k of characteristic zero. Given a vector bundle E over C we denote by d E (or deg(E)) the degree of E, and by n E the rank (or rk(E)) of E. The slope of E is defined as the rational number µ(E) :
Remark 2.1. Consider a Butler's diagram of (L, V ) by S as in (1.2). The following properties hold (see [2] ).
Since S ∨ is a generated subbundle with no trivial summands, it follows that the rank of S is smaller than the dimension of W . In the Butler's diagram (1.2), we denote by w the dimension of W , by s the rank of S and by f the degree of F S .
We recall that a vector bundle E is stable (semistable) if for all non-trivial subbundle
If E is not semistable, then we say that E is unstable. To understand unstables bundles, there exists the invariant, µ + (E), which is defined as the maximum of all slopes of subbundles F ⊂ E.
We remark that:
Definition 2.2. Let (L, V ) be a generated linear series of type (d, r + 1) on a curve C. We say that (L, V ) is linearly semistable (respectively linearly stable) if for any linear subspace
where L ′ is the line bundle generated by W . That is, there exists the following commutative diagram
and the condition of being linearly (semi)stable is equivalent to the bundle M V,L can not be destabilized by subbundles of the form M W,L ′ , where (L ′ , W ) is a generated subseries of (L, V ).
We are interested in providing conditions for the following Conjecture to be true.
, Conjecture 8.7) Let C be any curve, and let L be a globally generated line bundle on C. The linear (semi)stability of
In ( [8] , Conjecture 8.6), the authors also conjectured the equivalence between the stability of M V,L and the linear stability of the linear series (L, V ) when d < γr. It is not our purpose to study the incomplete case here, but we give some remarks in this direction.
Note that if M L is stable, then the above conjecture is true. Therefore, from now on we make the following assumption: M L is strictly semistable or unstable. Let
We have the following remarks:
(a) If we find a bundle S ∈ A such that the rank of the vector bundle F S that appear in Butler's diagram is one, then the Conjecture 2.3 follows. We recall the following lemma that we will apply:
Lemma 2.5. (Butler, [2] , Lemma 1.10) Let C be a curve of genus g ≥ 2, F a vector bundle on C with non trivial summands such that
(1) C is a hyperelliptic curve, F is the hyperelliptic bundle and S its dual, or (2) F = K C and S = M K .
Butler's diagram
In this section we are interested in finding stability properties for vector bundles that appear in the Butler's diagram. Consider a Butler's diagram of L by S and denote by Q := M L /S the quotient of M L by S.
Remark 3.1. Let C be a curve and L ∈ Pic(C) a globally generated line bundle such that 
we have that φ 1 is an isomorphism. Thus, φ es injective if and only if φ 2 is injective. But the condition h 0 (Q ∨ ) = 0 is equivalent that φ 2 can not be injective.
When C is a general curve in the sense of Brill-Noether, the condition h 0 (L) = h 0 (M ∨ L ) hold (see [12] , Theorem 2.4 ). Now we prove the Theorem 1.1:
Proof. We prove (1). Dualizing and twisting the Butler's diagram (1.2) of L by S by the canonical line bundle K C , we obtain
By the above diagram, we have
First note that p 1 is surjective map because W is a subspace of H 0 (L). The map δ is the dual of the map
∨ which is an isomorphism by Serre duality pairing, therefore, δ is an isomorphism and m 1 is surjective. Hence m W is surjective map if and only if p 2 is. But, by Serre duality H 1 (M ∨ L ⊗ K C ) = 0, the condition for surjectivity of p 2 is H 1 (Q ∨ ⊗ K C ) = 0. This proves (1).
To prove (2), by hypothesis and diagram (3.1), we have the following exact sequence
From (3.3) and the fact that h 0 (S) = 0, we conclude that h 1 (F S ) = (w − s) · g + deg(S) + s. By Riemann-Roch Theorem, we get
We prove condition (3). First suppose that M L is semistable and S ⊂ M L is of maximal slope. Consider G ⊂ Q a subbundle, then we get 4) this implies that Q is semistable. Moreover,
Since Q is semistable of negative degree, we conclude that H 0 (Q) = 0.
Now suppose that M L is unstable and S ⊂ M L is of maximal slope, then we have µ(Q) < µ(S).
Moreover, since S ⊂ M V,L stable of maximal slope, we conclude that µ(G) < µ(S) for all G ⊂ Q subbundle. Consequently, µ + (Q) < µ(S) = µ + (S) < 0, and H 0 (Q) = 0 (see [2] , Lemma 1.12). This finishes the proof of the theorem.
The Butler's diagram (1.2) is a particular case of a more general context, that is, the Lazarsfeld-Mukai bundle M V,E and the Butler's diagram, are defined for a globally generated coherent system (E, V ) of higher rank over a curve in the same way that for linear series (see for instance [3] ). The Theorem 1.1 remains true for a generated coherent system (E, H 0 (E)). Also, the properties (1) − (4) of the Remark 2.1 are still valid, and the property (5) is as follow: Let S ⊂ M V,E be a subbundle of maximal slope, then deg(F S ) ≤ deg(I) where I := Im(α). Moreover, if S is the destabilizing bundle of M V,E , then rk(F S ) = rk(I) if and only if deg(F S ) = deg(I).
be a globally generated line bundle over a curve C and set h = h 1 (L). Consider S ⊂ M L be a subbundle, we have two conditions about the vector bundle M L . The first one, is to compare the slopes of S and M L in terms of degree and rank of vector bundle F S . The second one is proving that h 1 (F S ) is bounded by the genus of the curve, the ranks of F S and S when M L is unstable and S ⊂ M L is of maximal slope:
we have
Moreover, we have that µ(S) = µ(M L ) if and only if
In the same manner we can see that M L is semistable when
is a subbundle of maximal slope, this happens because f ≤ d. Hence, from now on we make the assumption
Suppose now that M L is unstable and S ⊂ M L is of slope maximal. By Theorem 1.1,
From 3.6, we obtain
Hence the above inequality is a relationship between tha slopes of S and M L in terms of the degree and rank of F S . (2) Suppose that M L is unstable and S ⊂ M L is stable of maximal slope, then W = H 0 (F S ) and we conclude that
then f − s < s which is equivalent to µ(S) > −2, but this is impossible by Lemma 2.5. Moreover, if h 1 (F S ) = rk(F S ) · g − s, then µ(S) = −2 and F S is the canonical line bundle. Therefore
Hence h 1 (F S ) is bounded by the genus of the curve, the ranks of F S and S.
We denote by χ(E) the Euler characteristic of a vector bundle E over a curve C. In the following lemma we give conditions which implies that the rank of F S is one.
be a globally generated line bundle over C. Consider S ⊂ M L of maximal slope, then Conjecture 2.3 is true if one of the following conditions hold 
Hence rk(F S ) = 1 and this completes the proof.
Linear stability and stability on general curves
In this section we prove Conjecture 2.3 when C is a general curve, also we give a proof on a missing gap on the conditions for the stability of M L when C is general curve (see [3] , Theorem 2.2).
Lemma 4.1. Let C be a general curve of genus g ≥ 2, and let L ∈ Pic d (C) be a globally generated line bundle with h 0 (L) = r + 1. We have that M L is semistable, moreover, if there
L is a globally generated vector bundle, it follows that S ∨ is generated by global sections. Hence for a general subspace U ∈ Grass(s + 1, H 0 (S ∨ )), there exists a short exact sequence
which induces the exact sequence in cohomology
The bundle S is semistable of negative degree, then h 0 (S) = 0 and
Since C is a general curve and det(S ∨ ) is a line bundle of degree deg(S ∨ ) with at least s + 1 sections, we have that the Brill-Noether number for det(S ∨ ) is
which is equivalent to
hence M L is semistable. Using 4.4, we have that h = 0 and s = r − 1 when µ(S) = µ(M L ).
Applying Riemann-Roch Theorem we have that d = g + r. Finally, r divides g because µ(M L ) = deg(M L /S) ∈ Z, which completes the proof.
We are interested in studying the Butler's diagram of L by S when M L is strictly semistable and S ⊂ M L is of maximal slope. We have the following 
. The fact that W = H 0 (F ) follows from the surjectivity of
Since W is a subspace of H 0 (L) and the dimension of W is greater than the rank of S, it follows that the rank of F S is 1 or 2. We will prove that the rank of F S is 1.
Proof of Claim. First, note that deg(F ) = g + r − 1 − g r . This follows from the fact that
Suppose that h 0 (det(F S )) ≥ r + 1. Since C is a general curve and det(F S ) is a line bundle of degree deg(F S ) with at least r + 1 sections, we conclude that the corresponding Brill-Noether number ρ for the line bundle det(F S ) is nonnegative, but ρ = g − (r + 1) · (r − deg(F ) + g) = g − (r + 1) · (g/r + 1) < 0, which contradicts that C is general. This proves the claim. Now, we need to distinguish two cases: r = 2 and r = 2. . We see that φ is surjective, F S = S ∨ is a line bundle and W = H 0 (S ∨ ) has dimension 2. Hence the Butler's diagram of L by S is giving by
which complete the case r = 2.
Case 2. r = 2. By hypothesis the gonality of C is γ ≥ g+2 2 , which implies that
Suppose that rk(F S ) = 2. By Theorem 1.1 and the Butler's diagram we have that h 0 (F S ) = dim(W ) = r + 1. Since h 0 (det(F S )) = r, it follows that the short exact sequence
is exact on global sections. This implies that µ(S) < µ(M L ) (see [8] , Lemma 4.3), which is impossible. Thus, F = F S is a line bundle. This completes the proof.
We recall that the advantage in using that the rank of F = F S is one lies in the fact that linearly stable is equivalent to stability of M L . It is worth pointing out that the theorem above gives as a corollary the stability conditions for M L stated by Butler:
Under the hypothesis of Theorem 4.2 we have:
(2) M L fails to be stable if and only if all the following three condition hold
. By Theorem 4.2 the rank of F S is one and this implies that (L, H 0 (L)) is strictly linearly semistable. This proves (1).
We prove (2) . (⇐) Note that the conditions (a), (b) and (c) implies that 
this gives condition (c).
Example 4.4. Let C be a general curve of genus even and let D be an effective divisor such that
is free of base points. Take L = O C (2D), therefore L satisfies the properties (a), (b) and the divisor Z is precisely D, this gives the condition (c). Hence M L is semistable but not stable.
γ-Gonal curves
In this section we consider a curve C of gonality γ. We denote by B a line bundle (or γ-gonal divisor) that computes the gonality, i.e deg(B) = γ and h 0 (C, B) = 2. The relationship between the gonality and the index Clifford of a curve is given by the following inequality γ − 3 ≤ Cliff(C) ≤ γ − 2.
In ( [8] , Theorem 1.1), the authors proved the equivalence between the stability of M L and the linear stability of (L, H 0 (L)) when d − 2 · r ≤ Cliff(C). This condition implies that d ≤ 2 · r + Cliff(C) ≤ 2 · r + γ − 2 ≤ γ · r.
So, we are interested in the case d > γ · r. We have the following criterium we solve a particular case of the Conjecture 2.3.
Theorem 5.1. Let C be a curve of gonality γ, and let L ∈ Pic d (C) be a globally generated line bundle with h 0 (C, L) = r + 1. Suppose that d > γ · r. If the multiplication map
is not injective, then (L, H 0 (L)) is not linearly semistable.
Counting dimensions and using that h 1 (L) ≥ h 1 (L ⊗ B) and applying the hypothesis on the degree d, we see that the map µ γ L can not be injective:
This proves the Lemma. 
